Abstract. We prove a vanishing theorem for the twisted de Rham cohomology of a compact manifold.
Introduction
In this article, we show how to use connections with skew torsion to identify the operator (d + H) + (d + H) * , where H is a three-form, with a cubic Dirac operator. In the compact case, if H is closed, we prove a vanishing theorem for twisted de Rham cohomology by means of a Lichnerowicz formula. As an application, we prove that for a compact non-abelian Lie group the cohomology of the complex defined by d+H, where H is the three-form defined by the Lie bracket, vanishes.
The Dirac operator
Let (M, g) be a Riemannian manifold. Suppose that ∇ is a connection on the tangent bundle of M and let T be its (1,2) torsion tensor. If we contract T with the metric we get a (0,3) tensor which we will still call the torsion of ∇. If T is a three-form then we say that ∇ is a connection with skew-symmetric torsion. Given any three-form H on M then there exists a unique metric connection with skew torsion H defined explicitly by we recover the connection with torsion H.) If M is spin, these connections lift to the spin bundle / S of M as where X is a vector field, ϕ is a spinor field, and i X H is acting by Clifford multiplication. We may define the Dirac operator / D on / S with respect to ∇ by means of the following composition
where the first arrow is given by the connection, the second by the metric and the third by the Clifford action. Suppose now that we have a complex vector bundle W, we can form the tensor product / S ⊗ W, which is usually called a twisted spinor bundle or a spinor bundle with values in W. If W is equipped with a Hermitian connection ∇ W , we can consider the tensor product connection ∇ ⊗ 1 + 1 ⊗ ∇ W , again denoted by ∇, on / S ⊗ W. We can define a Dirac operator on this twisted spinor bundle associated with the connection ∇ by the same formula, where the action of the tangent bundle by Clifford multiplication is only on the left factor.
We will need to make use of a Lichnerowicz type formula for the square of the Dirac operator. Such a formula first appeared in the literature in [3] . See also [1] . 
Twisted cohomology
Consider the spinor bundle with values in itself, that is, / S ⊗ / S. Recall that for this we do not need a global spin structure. We have, in even dimensions, the following chain of isomorphisms
where Cl denotes the Clifford bundle and Λ the bundle of exterior forms.
If we take the induced Levi-Civita connection ∇ g on both factors of / S ⊗ / S and consider the tensor product connection ∇ g ⊗ 1 + 1 ⊗ ∇ g we obtain the induced Levi-Civita connection, again denoted by ∇ g , on Λ. If we consider the associated Dirac operator D g on / S ⊗ / S we get a familiar operator on Λ. In fact,
where d is the exterior differential and d * is its formal adjoint, [5] . The same fact can be claimed for an odd-dimensional manifold. Consider the inclusion M ֒→ R × M, / S + and / S − the half spinor bundles of R × M. The Clifford action by e 0 , where e 0 is a unit vector field of R, gives an isomorphism between / S + and / S − and thus we can regard / S + ≃ / S − as the spinor bundle of M. Under this identification, the Dirac operator associated to the Levi-Civita connection becomes
where e 0 denotes multiplication by e 0 . Consider also the Levi-Civita connection on / S and the twisted Dirac operator
Notice that the exterior bundle of M is Λ ≃ Cl ≃ / S + ⊗ / S, and so the twisted Dirac operator above is, in terms of differential forms, the restriction of the operator d+d * on R×M to forms that are independent of the coordinate t of R, and can therefore be seen as d + d
* on M. We may now ask ourselves what happens if we introduce connections with skew torsion in this setting. H and ∇ g − 1 4 H. Consider the tensor product of these two connections on / S ⊗ / S. The corresponding Dirac operator on Λ is given by
where H is acting by exterior multiplication and (d + H) * is the formal adjoint of d+H with respect to the metric, namely, d
Proof -Let us consider first an even dimensional manifold. Take a p-form θ and identify it with ϕ = r ϕ e i ϕ(e i ϕ) can be identified with (H + H * )θ. Write H = H abc e a ∧ e b ∧ e c and observe that H abc e a ∧ e b ∧ e c ∧ θ + H abc e c (e b (e a θ)) is the same as (H +H * )θ since the formal adjoint of exterior multiplication is interior multiplication. It is simple to see that e i (e i H)ϕ = 3Hϕ and that the action of H is given by H abc (e a ∧ e b ∧ e c ∧ θ + e a ∧ e b ∧ (e c θ) + e a ∧ (e b (e c θ) H and −H. It is interesting to observe that these weights 1 3 and −1 also appear in Bismut's proof of the local index theorem for non-Kähler manifolds, [3] .
Suppose now that H is a closed three-form. In [2] 
or, in other words, each cohomology class has a unique representative in the kernel of D 2 where
A vanishing theorem
We can use the Lichnerowicz formula of theorem 2.1 and also theorem 3.1 to prove the following Proof -We start by observing that we need only to prove that the kernel of the operator D 1/12 is zero. Consider ψ a smooth section of / S ⊗ / S. Since dH = 0, the Lichnerowicz formulas gives
Now take the inner product of this with ψ. Since the Dirac operator is self-adjoint and the Laplacian ∆ is given by ∇ * ∇, we get
Using the hypothesis that
is a positive endomorphism we conclude that D 1/12 ψ = 0 if and only if ψ = 0.
An example
Let G be a compact, non-abelian Lie group equipped with a bi-invariant metric. Consider the one-parameter family of connections
Notice that since the metric is ad-invariant, it means that these are metric connections and also that their torsion is skew-symmetric. Note also that if t = 1 2 we get the Levi-Civita connection, since the torsion vanishes. The curvature of ∇ t is given by
by means of the Jacobi identity. For t = 0 and t = 1, we get two flat connections. These correspond, respectively, to the left and right invariant trivialization of the tangent bundle, [4] . Let us write the above one-parameter family of connections as
Notice that the Levi-Civita connection corresponds now to the parameters s = 0 while the two flat connections correspond to s = ± We need the following auxiliary lemma, which can be proved by direct computation.
Lemma 5.1. Let G be a non-abelian Lie group equipped with a bi-invariant metric, then the scalar curvature κ of G is given by
where {e i } is an orthonormal basis of the Lie algebra of G. Remark 5.3. To see this result for connected, compact, simple groups in a different way, note that it is well known that by averaging, each cohomology class of G can be represented by a bi-invariant form. The de Rham cohomology ring H * (G) is an exterior algebra (more precisely H * (G) is an exterior algebra on generators in degree 2d i − 1, where each d i is the degree of generators of invariant polynomials on the Lie algebra of G). The Killing form gives H 3 (G) = R. Consider now the twisted de Rham operator d + H. Since H is bi-invariant, the twisted cohomology classes can also be represented by bi-invariant forms. Since bi-invariant forms are closed, (d+H)α = H ∧α. So if H ∧ α = 0, since H is a generator, then H ∧ α = 0 implies that α = H ∧ β for some β. Therefore, the twisted cohomology vanishes.
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